A synergetic model describing the state of an ultrathin lubricant layer squeezed between two atomically smooth solid surfaces operating in the boundary friction mode has been developed further. To explain the presence of different operation modes of the system for various sets of its main parameters, the mathematical analysis of the synergetic model is carried out. The type of functioning a tribological system is described in accordance with the stability character of singular points, and the diagrams distinguishing various operation modes are obtained. Phase portraits corresponding to different stability types are plotted for all diagram areas. A stick-slip mode of motion that is often observed experimentally is described.
Introduction
Recently, the processes of boundary friction in nanosized tribological systems have become a rather interesting object of researches for theorists and experimenters [1] [2] [3] [4] [5] . Any system, in which the processes running at the friction of contacting bodies are essential, can be regarded as tribological 1 . The case of atomically smooth solid surfaces, which move relatively to each other with the ultrathin layer of a homogeneous lubricant between them and provided that the distance between the surfaces is fixed, has not been studied in detail. The application of such systems for designing a high-precision equipment and devices [6] increases the interest in this subject. Note that the nano-sized systems reveal abnormal properties in comparison with ordinary macroscopic tribological units. The majority of works devoted to this topic have a fundamental character [7] [8] [9] . In comc I.A. LYASHENKO, N.N. MANKO, 2013 parison with bulk lubricants, the ultrathin lubricant layers are characterized by different melting and solidification temperatures; they have a nonmonotonous dependence of the friction force on the velocity, which follows from the possibility for a lubricant to be in a number of structural states.
One of the bright peculiarities inherent to systems with dry friction is the stick-slip mode of motion [3, 10, 11] . This mode has a lot of specific features and remains unstudied in detail till now despite a considerable number of theoretical and experimental works (see, e.g., works [12, 13] and the references therein). Since the corresponding experiment in this mode is a complicated task, the stick-slip mode is often studied with the use of a computer-assisted simulation [12, 13] . Work [13] was devoted to the research of the temperature influence on the emergence of the boundary friction mode. In work [10] , it was shown experimentally and theoretically that the stochastic component of this mode (the time intervals between the beginning moments of the sticking and slipping modes) is controllable, so that the periods of the stickslip mode can be synchronized by changing the magnitude of a shear force.
Plenty of experimental works formed a basis for the creation of various theoretical models that describe the boundary friction processes [7, 8, [14] [15] [16] [17] . One should bear in mind that even minor changes in both the internal (lubricant type [4] , structure of friction surfaces, pressure, and so on) and external (loading on the surfaces, the shear velocity, the type of tribological system) parameters can affect the properties of nano-sized systems. For today, the experimental works provide information concerning such main properties of a lubricant as its thickness (the number of molecular layers), temperature, external loading, effective viscosity, elastic and viscous components of shear stresses, and others [6] .
In this connection, there appear a considerable number of phenomenological models. One of them was developed in works [18] [19] [20] , where, in the framework of a synergetic representation of boundary friction and with the use of three differential equations for the stresses, strains, and temperature in the lubricant layer, the nontrivial behavior of a lubricant at the relative motion of rubbing surfaces was described. However, the influence of the parameters in this model on the kinetic modes of dynamic friction has not been studied in detail. In our previous work [21] , we showed that the synergetic model allows the stationary stick-slip mode of boundary friction to be described in the deterministic case. This work is a continuation of work [21] . Here, we will study the types of stationary state stability and construct the phase diagrams for various functioning modes of tribological systems.
Basic Equations and Stability Analysis
The system of basic equations looks like [18] [19] [20] 
where σ is the shear component of stresses that arise in the lubricant, ε the shear component of relative deformations, T the lubricant temperature, and T e the temperature of friction surfaces. The equations also include the constant g < 1, which is numerically equal to the ratio between the shear lubricant modulus G and its characteristic value G 0 , and the parameters
where τ σ and τ ε are the relaxation times for the stresses σ and the strains ε, respectively; and the relaxation time for the temperature, τ T , is determined by the relation
where ρ is the lubricant density, h the lubricant layer thickness, c v the specific heat capacity, and κ the thermal conductivity. The stress σ, strain ε, temperature T , and time t in the system of equations (1)- (3) are reckoned in the corresponding units [19] 
where T c is the critical temperature, G 0 = η 0 /τ ε is a characteristic value of shear modulus, and η 0 is a characteristic value of shear viscosity. The latter is expressed in terms of the actual, dimensional viscosity η as follows [22] :
Hence, η = η 0 at the dimensional temperature T = = 2T c or the dimensionless one T = 2.
In works [18] [19] [20] , it was shown that the zero stationary stresses correspond to a solid-like lubricant structure, whereas, at σ 0 = 0, the lubricant melts and transforms into a liquid-like state. One of the reasons is that, according to the Stribeck-Hersey diagram generalized onto the boundary mode [23] , the growth of viscous stresses
is accompanied by the growth of the viscous friction force
where V is the relative velocity of friction surfaces, η eff the effective viscosity, and A the contact area. From Eqs. (8) and (9), we obtain the following expression for the velocity:
Since the stress σ in the proposed model is a sum of the viscous and elastic components [19] , and the viscous stresses prevail in the liquid-like lubricant layer, the velocity of motion of shear surfaces increases with σ, which corresponds to the kinetic slipping mode and the liquid-like lubricant structure. At σ = 0, the friction surfaces do not move, which corresponds to their "sticking" owing to the solidification of the layer between the surfaces. Those conclusions are confirmed both theoretically [7] and experimentally [5] .
The initial system of equations (1)- (3) has a general character; it does not make allowance for the properties of a specific tribological system. Therefore, it can describe the features of the boundary mode in tribological systems of various types. Let us consider two of them, which are the most widespread ( Fig. 1) . Figure 1 , a schematically illustrates a system consisting of a spring with the stiffness constant k and connected with a block of mass M located on a smooth motionless surface; a lubricant layer of thickness h separates the block and the surface. An additional loading L is applied normally to the block. The free end of the spring moves at the velocity V 0 . The system depicted in Fig. 1 , b is composed of a spring connected to a block on rollers (the rolling friction of the rollers is neglected). Another block is located on the surface of the first block. The velocity of the motion of the second block, V 0 , changes periodically [9, 24] . Provided that there is an ultrathin lubricant layer between blocks' surfaces, the motion of the upper block stimulates the lower one to move, with the time dependence of the motion velocity for the lower block, V (t), depending substantially on the friction mode.
Note that the system exhibited in Fig. 1 , a was studied both experimentally and in the framework of two thermodynamic models [17, 25] basing on the Landau theory of phase transitions, as well as in the framework of a stochastic model, which takes the interaction between the friction surfaces into consideration [8] . In contrast to work [25] , the model analyzed in work [17] makes allowance for the influence of the external loading L explicitly. The installation depicted in Fig. 1 , b was studied experimentally in work [9] and analyzed in the framework of a thermodynamic model in work [24] .
The solution of the system of differential equations (1)- (3) in a vicinity of the stationary state is sought in the form
where λ is an unknown increment, the parameters σ 0 , ε 0 , and T 0 correspond to the stationary state, and the amplitudes α, β, and γ characterize small deviations from this state. Substituting Eqs. (11)- (13) into system (1)- (3), we arrive at a system of algebraic equations
The roots of this system at (α, β, γ) → 0 are stationary values. The analysis of Eqs. (14)- (16) allows us to define the critical temperature T c0 . Namely, if the temperature of friction surfaces, T e , is lower than
the stationary values
are realized, whereas at T e > T c0 , either of two sets, (σ
, where
is established depending on the initial conditions; the both correspond to the liquid-like friction mode. Hence, at T e > T c0 (see Eq. (17)), the lubricant melts [18] [19] [20] .
In a first order of smallness with respect to the parameters α, β, and γ, the system of equations (14)- (16) reads
where σ 0 , ε 0 , and T 0 are the stationary values. Therefore, the solutions of the system for T e above and below the critical value (17) are different. Let us consider firstly the temperature interval T e < T c0 (the solid-like lubricant). In this case, the stationary state (18) is realized. A nontrivial solution of the system of equations (20)- (22) exists if the determinant equals zero,
Equation (23) has the following three roots:
,
so that the root λ 3 is always negative. Concerning two other roots, which are complex-conjugate with respect to each other, their real part is also always negative. The form of a root governs the type of stability of a stationary point (see below).
In the liquid-like state of the lubricant (T e > T c0 ), the stationary values (19) are realized. In this case, substituting those values into system (20)- (22) and equating the corresponding determinant to zero, we obtain the cubic equation
with the coefficients
We now write the discriminant of Eq. (25): (Fig. 2) . The curve separating regions 1 and 5 in Fig. 2 , a can be found by analyzing solution (24) , because T e < T c0 in this region. In all figures, regions 1 and 2 are separated by condition (17) (dashed curves). The analysis of discriminant (27) (the equation ∆ = 0) allows us to plot the curve that separates region 2 from region 3. Let us introduce the additional condition AB = C (see Eq. (26)), which allows us to plot the curve, where the system loses its stability. 2 In Fig. 2 , a, it is a curve that separates regions 3 and 4. The presence of the complex part and the sign of λ i determine the type of a singular point for the given set of parameters T e , g, τ , and δ. In other words, the type of a stationary mode at fixed model parameters can be sometimes determined beforehand, if the λ i -values are known. In Fig. 2 , a, there exist five regions for the selected set of parameters. In regions 1 and 5, the singularity point has coordinates (18) , and the corresponding eigenvalues are determined by Eq. (24). Regions 2, 3, and 4 were plotted for the parameter sets, at which T e > T c0 ; the singularity points (19) are realized in them, and the eigenvalues are determined as the roots of Eq. (25) .
In Table, the roots of Eq. (25) are listed, as well as eigenvalues (24) for each of five regions (the corresponding points are marked by diamonds in Fig. 2 ). In Fig. 2 , a, three types of singular points are distinguished: stable nodes (regions 1 and 2), stable foci (regions 3 and 5), and a saddle-focus (region 4). Regions with the same stability type correspond to different singular points (the stationary state before (Eq. (18)) and after (Eq. (19)) melting). Region 2 (the stable node) in Fig. 2 ,a is very narrow, but it separates regions 1 and 3 within the whole interval of selected values. For illustration, regions 2 and 5 are shown on a large scale in the inset in Fig. 2 , a (the T e -axis contains a break). The system of equations (1)- (3) is reduced to a differential equation of the third order [21] ,
In this equation, the stresses σ, in accordance with Eq. (10), are proportional to the velocity of relative motion of the friction surfaces, V ; therefore,σ is the acceleration. Let us plot the phase portraits of the system for all regions in the diagram. For this purpose, we should numerically solve Eq. (28) with the Roots of Eqs. (23) and (25) for various diagram regions shown in Fig. 2 No. τ δ g Te use of the Runge-Kutta method of the fourth order and plot figures for the diagram regions with the parameters taken from Table ( for all five points). The stable node is shown in Fig. 3 . Figure 3 , a corresponds to the temperature T e < T c0 , at which one stationary point (18) is realized (region 1). This case corresponds to the lubricant solidification in time. Figure 3 , b corresponds to the temperature T e > T c0 . At this temperature, two symmetric singular points 19 are realized (region 2), which correspond to the liquid-like lubricant. From the shape of trajectories in Fig. 3 , a, it follows that, before the stationary state is established (i.e. the system stops), an aperiodic transient mode takes place, in which the stresses relax to the stable value σ = 0, which corresponds to the solid-like lubricant structure. In this case, the mobile block shown in Fig. 1 stops in due course. It can be realized in the case shown in Fig. 1 , a at the velocity V 0 = 0. This situation also describes the behavior of the system shown in Fig. 1 , b at V 0 = 0, when the lower block is initially not in the equilibrium state, i.e. the spring is either compressed or tensed. In Fig. 3 , b, the both singular points are equivalent and, as well as in Fig. 3 , a, correspond to stable nodes. However, for all selected initial conditions, a motion at a constant velocity is eventually established. This situation corresponds to the tribological system exhibited in Fig. 1 , a at V 0 = 0. If σ < 0, the friction surface moves with a negative velocity, i.e. in the opposite direction (the reverse motion). A convergence in the form of stable focus is also represented by two regions, 3 and 5, where the singular points (19) and (18), respectively, are realized. At the parameters of region 5 (Fig. 4, a) , the temperature is lower than the melting one; therefore, the trajectories in the phase portrait converge to the singular point (18) . The phase portrait depicted in Fig. 4 , b has the parameters of region 3; therefore, it corresponds to the melted lubricant (two nonzero singular points are realized). For this type of stability, long-term oscillations take place in the system concerned before a motion with a constant velocity is established (Fig. 4, b) or the system stops (Fig. 4, a) . Moreover, at some parameters, the trajectories do not converge to singular points, but a chaotic mode is realized [21] . In the latter case, to elucidate the features of this mode, an additional analysis is required. In the case shown in Fig. 4 , a, the mobile block (see Fig.1,a) also eventually stops, as in Fig.3 , a. This situation also describes the behavior of the system shown in Fig. 1, b at V 0 = 0, when the lower block is initially not in the equilibrium state, i.e. the spring is either compressed or tensed. In due course, when a motion with a constant velocity is established (Fig. 4, b) , the situation corresponds to the tribological system shown in Fig. 1 , a at V 0 = 0.
A convergence of the saddle-focus type can reveal itself as a saddle or a focus, depending on the parameter set selected from the region. The phase portrait exhibited in Fig. 5 , a is characterized by two symmetric singular points representing unstable foci. The considered diagram region corresponds to condition (19) . In this region, the motion with a constant velocity cannot be established because the system enters the chaotic mode of functioning. Hence, the stationary mode is accompanied by permanent phase transitions between the solid-like and liquidlike lubricant states. This mode is not periodic in time but is a strange attractor, i.e. it realizes a deterministic chaotic mode in the system [21] . Since the velocity of the friction block motion permanently changes its sign, the considered situation describes the behavior of the system shown in Fig. 1, b , when the motion direction changes under the action of an external influence. However, at large V 0 -values, the examined reverse mode can also be realized in the systems, whose analog is shown in Fig. 1 , a. This occurs because, when the free end of the spring moves at a large velocity V 0 , the spring itself has enough time to be strongly stretched within the time interval of the surface "sticking" (i.e. when σ = 0 and the lubricant is solid-like). On the other hand, as the lubricant melts, the block slides at a large distance owing to a large magnitude of elastic force k∆x (∆x is the string elongation), the spring becomes compressed at that, and the direction of the elastic force changes. As a result, the block may move in the opposite direction for some time [21] . Figure 5 , b (the stationary mode at the parameters of Fig. 5, a) exhibits a Lorenz butter- fly, which in well-known in the chaos theory [26, 27] . Hence, Fig. 2 reveals the existence of essentially different friction modes. At the same time, this figure also demonstrates that such modes can emerge in tribological systems of various types.
Conclusions
In this work, we made a further research of the synergetic model that describes the state of an ultrathin lubricant layer squeezed between atomically smooth solid surfaces in the course of boundary friction. It is shown that this model can describe the behavior of tribological systems of various types. A number of stationary solutions, which correspond to the dry and liquid friction modes, are found, as well as the ranges of model parameters, at which that or another mode of tribological system functioning is established. In addition, different modes characterized by one of three types of convergence (a stable node, a stable focus, or a saddle-focus) are distinguished. For each mode, the phase portrait is plotted, and the behavior of tribological system is described. The growth of the friction surface temperature is found to result in an enhancement of the stochasticity in the system. If the temperature exceeds the critical value, the mode of functioning of the system is described by the Lorenz attractor. In a wide range of parameters, the reverse motion of the friction surfaces is realized. The results obtained qualitatively coincide with known experimental data. 
